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Abstract

We study the extensional flow properties by characterizing the capillarity-driven pinching dynamics of dense colloidal suspensions at a cons-
tant volume fraction f ¼ 0:40 with polymer-induced depletion interactions using a dripping-onto-substrate (DoS) protocol. Methacrylate
copolymer particles with dimethylacrylamide copolymer brushes are suspended in a refractive-index- and density-matched mixture of 80 (w/
w)% glycerol in water with NaCl added to screen the electrostatic repulsions. Depletion attractions between the colloids are introduced by
adding polyacrylamide polymers of weight and dispersity. The addition of polymer delays and modifies the pinch-off dynamics of the dense
suspensions, depending on the size and dispersity of the polymer. The extensional relaxation time λE of suspensions collapses as a function
of the normalized free volume polymer concentration c=c* with the corresponding polymer solutions, indicating that the elastic properties of
the polymer solutions control the extensional time scale. Following the results of our previous study [Soetrisno et al., Macromolecules 56,
4919–4928 (2023)], the polymer size determines the scaling exponent of λE for colloid-polymer mixtures in the dilute regime and high dis-
persity shifts the concentration where the scaling of λE transitions from power-law to linear. The filament lifespans tf of colloid-polymer mix-
tures and of polymer solutions collapse onto a master curve as a function of c=c* when normalized by the filament lifespan of the
corresponding fluid without polymer tf,0. These results provide insight into the role of the polymer size in dictating the pinching dynamics
and extensional rheology of colloid-polymer mixtures and further suggest that the shear and extensional responses of these mixtures can be
separately tuned through the concentrations of the two constituents.© 2023 Published under an exclusive license by Society of
Rheology. https://doi.org/10.1122/8.0000717

I. INTRODUCTION

Designing particle-laden complex fluids for advanced
material processing applications, including 3D printing
[1–5], inkjet printing [6], coating [7,8], and electrospinning
[9,10], requires understanding of their rheological responses
in shear and extensional flows. The key rheological proper-
ties for these materials, including yield stress, elastic
modulus, rate-dependent shear or extensional viscosity, and
stringiness [11], are controlled through complex fluid compo-
sition [8,12,13]. One common class of feedstocks is a
mixture of colloidal particles at high concentration and poly-
mers. Feedstocks for printing, for example, include ceramic
[14,15], metallic [16,17], food [18], and biomaterial [19] sus-
pensions. Nonadsorbing polymers are commonly used as
binders in printing and coating formulations [20–22].
Furthermore, they can mitigate shear-induced migration in
confined flow geometries [23] involving mixed flows where
the extensional material response is important. Polymers
undergo significant stretching in response to extensional
flows, exhibiting a strain-hardening extensional viscosity that
can be significantly larger than the shear viscosity. Likewise,

polymer additives profoundly influence printing, coating, and
fiber spinning operations, where strong extensional deforma-
tion arises within stretched liquid bridges and necks undergo-
ing pinching during drop formation and dispensing [24–26].
These examples highlight the practical need to understand
and control the extensional flow of mixtures of colloids and
nonadsorbing polymers.

Most studies of the extensional rheology of particle-laden
fluids focus on noncolloidal suspensions without added
polymer (Table I) [27–43,50]. Two characteristic regimes
were exhibited in response to capillarity-driven pinching and
elongational flows in these studies: an initial response by the
bulk viscosity; later, they accelerate to the interstitial fluid
viscosity or even exceed the medium speed [31,37]. Strongly
shear-thickening suspensions exhibit strain-dependent
responses including Newtonian, elastic, and ductile fracture
under filament stretching, whereas capillary breakup leads to
an abrupt slowing of the radius evolution [51].

Despite the prevalence of extensional flows during use and
processing of complex fluids [5,7,24,25], factors controlling
the extensional response of particle-laden viscoelastic fluids
(containing polymers) remain actively debated [13,52,53].
Simulations of noncolloidal suspensions in viscoelastic media
show that the extensional rheology of the suspending fluid
influences both shear and extensional rheology responses of
the mixtures due to particle-induced stresses [54–56].
Experiments on noncolloidal particles (radii ranging from
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3 μm , a , 70 μm), however, reveal contrasting effects of
particle addition. For polystyrene particles in poly(ethylene
oxide) solutions, the viscoelastic medium dominates the
extensional response of the mixtures [44], similar to the inter-
stitial fluid picture in Newtonian fluids. By contrast, depletion
attractions between poly(methyl methacrylate) particles in
poly(ethylene glycol) solutions increase the viscoelastic
response of the mixtures above that of the corresponding
polymer solutions without added polymers [48]. Polystyrene
particles added to a Boger fluid enhance strain hardening in
filament-stretching experiments, and the magnitude is similar
to the enhancement of shear viscosity [57]. Finally, increasing
the concentration of polystyrene particles reduces the strain
rate of poly(acrylic acid) in corn syrup/glycerol/water mix-
tures in a drop detachment experiment [46]. The disparity
between these experimental observations may occur because
the studies examine different regimes of polymer size and
concentration, which has not been systematically investigated.

As the particle size enters the colloidal regime, Brownian
motion affects the suspension rheology. Strongly shear-
thickening colloidal suspensions have similar extensional
properties to those of larger non-Brownian particles [41,58].
When the time scale of the filament breakup exceeds the
Brownian time scale, however, the extensional properties of
suspensions of Brownian particles differ [43], suggesting that
Brownian motion contributes to the extensional response in a
colloidal suspension.

Experimental studies of the extensional flow of colloidal
(Brownian) particles in viscoelastic media focus on melts
[59], on solutions in which the polymer adsorbs on the parti-
cle surfaces [60], or on practically relevant formulations
where the interparticle interactions are not precisely known
[7,61]. Intriguingly, in suspensions of Brownian PMMA par-
ticles in semidilute solutions of PEO, addition of particles at
low concentrations (up to 10 wt. %) slightly increases the
extensional viscosity and the extensional relaxation time set

by the polymers [49]. These results suggest that understand-
ing of the extensional behavior of polymer solutions is essen-
tial for controlling the extensional properties of
colloid-polymer mixtures.

Toward this end, a recent study of the extensional
response of polymer solutions reveals that conformational
changes under extensional flow control the scaling behavior
of the extensional relaxation time with polymer concentra-
tion, λE � ck, in the dilute regime [62]. The magnitude of k
depends on the influence and extent of screening of the
excluded volume interactions and is correlated with coil-
stretch hysteresis, as demonstrated for polymers of different
flexibility [62] or molecular weight distributions [63].

The influence of polymer size and concentration and
molecular weight- or flexibility-dependent conformational
changes on the extensional rheology of colloidal particle-
polymer mixtures, however, has not yet been examined. In a
previous study of shear rheology of colloidal particle-
polymer mixtures at volume fraction f ¼ 0:40, we found that
shear thickening depends on polymer size [64]. Thereafter,
we examined how polymer size affects the concentration-
dependent extensional response in the dilute and semidilute
particle-free polymer solutions [63]. Now, we hypothesize
that polymer size will also influence the extensional response
of colloid-polymer mixtures in a similar regime of polymer
concentration.

To test this hypothesis, we characterize the extensional
flow properties of dense suspensions of Brownian particles at
a volume fraction of f ¼ 0:40 containing polyacrylamide
(PAM) polymers, which induce short-ranged depletion inter-
actions [64,65], of various molecular weight distributions. In
polymer solutions, the responses to the extensional flow are
dictated by their macromolecular properties [62], which can
be derived from their monomer chemical structures and shear
rheology characterization. Here, we vary the molecular
weight of PAM to tune the macromolecular contributions to

TABLE I. Literature review on capillary-driven pinching dynamics (drop detachment or capillary breakup experiments) of fluids containing spherical
particles.

Particle a (μm) f ηm (Pa⋅s) γm (mN/m) ρm (kg/m3) Medium Ref.

PS, Iron, 97–500 0.57–0.61 0.001–1 72,∼ 21 ∼1000 Water, silicone oil [27]
Acrylic,
Glass
ZrO2, PS, 11–425 0.59–0.63 0.001, 0.02 72,∼ 21 ∼1000 Water, silicone oil [28]

PE, Glass
PMMA 106–125 0.02–0.40 0.4 49 1184 Water, ZnCl2, PAG [29]
PS 20–140 0.01–0.55 0.18 21 1070 Silicone oil [30–33]
PS 10–250 0.02–0.50 0.12, 2.5 24, 45 1050–1060 Silicone oil, PEG [34,35]
Glass 17–180 0.18–0.48 0.336 62.4 1240 95% Glycerol in water 36
PS 10–20 0.02–0.40 0.18–0.36 21 970–1070 Silicone oils [37,38]
PMMA 5 0.04–0.17 0.01–0.10 21 1070 Silicone oils [39,40]
PMMA 3 0.02–0.40 0.18–0.36 21.0 970–1070 Silicone oils [37]
PMMA 0.60–1 0.59–0.63 0.004 30 789 Octadecene [41,42]
PMMA 0.14–0.69 0.56–0.60 0.015 29.2 848 Squalene [43]
PS 10–70 0.10–0.40 0.2 60 1057 300 kDa PEO in G/W [44,45]
PS 20 0.05–0.20 2.2 72 1352 5MDa PAA in corn syrup mix [46,47]
PMMA 3 0.15–0.40 0.1–0.9 70 997 35 kDa PEG in water [48]
PMMA 0.5 0.02–0.09 0.02 60 997 2MDa PEO in water 49
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the pinch-off dynamics of depletion suspensions. The
concentration-dependent extensional properties of the deple-
tion suspensions are dominated by contributions from the
polymer additives when scaled with free volume concentra-
tion, suggesting that the polymer solution acts as an intersti-
tial fluid under extensional flow. The filament lifespans for
both polymer solutions and depletion suspensions increase
with the addition of polymer and collapse onto a master
curve when normalized by the lifespan of a corresponding
zero-polymer fluid, indicating that polymer contributions are
similar in polymer solutions and depletion suspensions. The
results from this study provide insight into the role of
polymer size on the extensional response for suspensions for-
mulated at the high particle volume fractions used in printing
applications [15,16]. Because the polymer contribution domi-
nates the pinching dynamics and extensional response, our
results also suggest that the shear and extensional responses
of colloid-polymer mixtures can be separately tuned through
the concentrations of particles and polymers.

II. MATERIALS AND METHODS

A. Materials

We synthesized poly(2,2,2-trifluoroethyl methacrylate-co-
tert-butyl methacrylate) (TtMA) particles [66] that were
refractive-index- and density-matched to 80 (w/w)% glycerol/
water [65]. The colloidal particles (particle radius
a ¼ 900+ 40 nm, dispersity Ð = 0.07) had a fluorescent
core and nonfluorescent shell architecture and bore a charged
copolymer brush to provide electrostatic stabilization
[Fig. 1(a)]. We estimated the average interparticle spacing

between particles from h ¼ 2a π
3
ffiffi
2

p
f

� �1=3
�1

� �
[67].

The particle size was characterized using dynamic light
scattering (DLS). Intensity-intensity correlation functions were
acquired on an ALV-GmBH instrument (Langen, Germany)
and a 5000 EPP Multiple tau Digital Correlator. The particle
size was determined by fitting the intensity-intensity correla-
tion function with a single exponential decay,

g(2)(τ, q)� 1 ¼ βexp(� 2Γτ) 1þ μ2
2
τ2

� �
, (1)

where β � 1 is a geometric correction factor, Γ is the decay rate,
τ is the lag time, q is the wavevector, and μ2 is the second cumu-
lant. We calculated the diffusion coefficient D ¼ Γq�2 and
obtained the hydrodynamic diameter from 2a ¼ kBT=3Dπηs.
We determined the dispersity via Ð = μ2=Γ

2.
To generate short-ranged depletion attractions between the

particles, we added polyacrylamide (PAM) polymers
[Figs. 1(b) and 1(c)]. Three different PAMs with various
molecular weight and dispersity were used: Mw ¼ 194 kDa,
Ð = 1.24, c* ¼ 12 mg�mL�1, Rg ¼ 19 nm, Polymer Source,
(denoted as USP, uniform small polymer); Mw ¼ 1:00MDa,
Ð = 1.25, c* ¼ 3:2mg �mL�1, Rg ¼ 50 nm, Polymer
Source (ULP, uniform large polymer); and Mw ¼ 1:97MDa,
Ð = 21, c* ¼ 5:1mg �mL�1, Rg ¼ 75 nm, Sigma-Aldrich
(DP, disperse polymer), all previously studied in [63]. The
polymer properties are summarized in Table II.

The overlap concentration c* ¼ 1=[η] was calculated using
the intrinsic viscosity [η] determined from the polymer solu-
tion shear rheology. The polymer Rg, estimated from c*, satis-
fied Rg=a , 0:1 for all three polymers, yielding short-range
attractions [68]. The polymer concentration in suspensions was
calculated as the concentration in the free volume (i.e., the
volume accessible to the centers of the polymers) [69–71].

FIG. 1. (a) Illustration of depletion suspensions, which contain core-shell particles stabilized by polyelectrolyte brushes (radius a) and polyacrylamide (PAM)
polymers (radius Rg, with Rg � a) that are suspended in an index- and density-matching glycerol/water solvent. (b) Enlarged illustration of the chemical struc-
ture of a PAM molecule and quiescent length scale (coiled length Rus) (not shown to scale). (c) Schematic diagrams of three polymers with various molecular
weight and dispersity used in this study: uniform small polymer (USP), uniform large polymer (ULP), and disperse polymer (DP). (d) Schematic of the DoS
setup used in this study, which includes high-speed imaging over time of a polymer solution liquid bridge undergoing a capillary-driven instability. (e) An
enlarged snapshot of the liquid bridge during measurement and the corresponding geometric length scales (nozzle radius R0, distance from nozzle to substrate
H, and liquid bridge axial length L) of the setup. (f ) Illustration of stretched macromolecules and the corresponding length scale, the contour length Lc.
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Detailed calculations are included in the SI [99]. The concen-
tration range of depletion suspensions was 0:3 , c=c* , 2:5
for USP and ULP and 0:2 , c=c* , 0:7 for DP. We extended
the range of concentrations for USP and ULP polymers to
understand the effect of polymer size decoupled from
dispersity.

B. Confocal microscopy

We examined the quiescent structure of particle suspen-
sions by using confocal microscopy. The microscopy setup
consisted of a Leica SP8 confocal system and a Leica DMi 8
microscope (Leica Microsystems, Buffalo Grove, IL) with a
63� oil-immersion objective (numerical aperture of 1.4). To
characterize the 3D structure of the suspensions, we acquired
a series of 2D images with a vertical spacing of
Δz ¼ 0:1� 0:3 μm between images from z ¼ 25 to 65 μm
above the bottom of the sample chamber and located the par-
ticle positions in 3D using algorithms written in IDL
(Interactive Data Language) [72].

To partially screen the electrostatic repulsion and achieve
nearly hard-sphere interparticle interactions between the par-
ticles, we added NaCl to all suspensions. To determine the
salt concentration at which the interparticle interactions were
nearly hard-sphere, we imaged dilute (f ¼ 0:01) suspensions
at salt concentrations ranging from 0 to 20 mM. By calculat-
ing the pair-correlation function g(r) and interaction potential
u=kT , we determined that a salt concentration of 1.5 mM pro-
duced nearly hard-sphere interactions (Fig. S1) [99]. For sus-
pensions containing polymer that formed gels, we estimated
the correlation length ξ associated with the depletion gel
network (Fig. S2) [99] by calculating the number density
fluctuations (Fig. S3) [99].

C. Shear rheology

We measured the viscosity and first normal stress differ-
ence using a DHR-2 rheometer (TA Instruments, New
Castle, DE) equipped with a 40 mm diameter 2� cone-plate
hard-anodized aluminum geometry and using a 59 μm gap.
Before each measurement, all samples were treated with a
consistent preshear protocol [65]. Briefly, samples were
sheared as the rate was increased from 0.5 to 50 s�1 for 30 s,
at 50 s�1 for 30 s, and then allowed to rest for 300 s. After
preshear, we carried out a forward flow sweep from 0.1 to
800 s�1 and a backward flow sweep from 800 to 0.1 s�1 with
six shear rates per decade. Below 100 s�1, samples were
equilibrated for 30 s and averaged for 10 s. Above 100 s�1,
samples were equilibrated for 5 s and averaged for 5 s. All

normal stress measurements were corrected by subtracting
the inertial contributions [73] and the initial value at the
lowest shear rate. The Péclet number Pe ¼ tB _γ in the shear
experiments for all depletion suspensions ranged from
1:8� 101 , Pe , 1:1� 106, indicating that convection
dominates over diffusion.

D. Extensional rheology

The dripping-onto-substrate (DoS) setup was based on that
used in [74,75] with several modifications [Figs. 1(d) and
1(e)]. A custom-machined stage was attached to a laboratory
jack by bolt and screw. On the stage was mounted a needle
holder with adjustable height that was angled toward the
stage. A 2 in. 18G (1.27mm O.D.) blunt tip needle and a
syringe pump (Chemyx Fusion 200) were used to create the
liquid bridge. We used the same DoS setup for the depletion
suspensions as for the polymer solutions because the nozzle
radius R0 is O(103) larger than the particle radius. We imaged
the pinching dynamics with a high-speed camera (Chronos
1.4, KronTech) at 8819.12–15 676.4 frames per second and
processed the images using algorithms written in MATLAB
[63] to obtain the time evolution of the filament diameter
during pinching. The image resolution at these frame rates
was estimated from the needle O.D. to be � 6� 7 μm. The
captured image had a matrix size of 240� 640 pixels2 for
8819.12 fps and 216� 384 pixels2 for 15 676.4 fps, which
gives a physical field of view of width 1.3–1.7 μm and height
2.3–4.5 μm. In the image processing algorithm, we performed
a hole-filling morphological transform on the image to
remove irrelevant features and detected the diameter of the fil-
ament by implementing a subpixel edge detection algorithm
[76]. The length scales involved in this experiment are sum-
marized in Table III.

E. DoS analysis

To fit the R(t) data, we considered the time evolution of
the radius for different types of fluids. In a Newtonian fluid,
the time evolution of the filament radius is determined by the
contribution of viscous forces in capillary-driven breakup,
estimated from the Ohnesorge number Oh ¼ η0=(ρσR0)1=2,
the ratio of viscous to inertial and surface tension forces. The
radius of a viscous Newtonian fluid (Oh . 1) decays linearly

TABLE II. Polyacrylamide properties.

Parameter USP ULP DP

Mw (kDa) 194 1000 1970

Ð 1.24 1.25 21
c* (mgmL−1 12 3.2 5.1
Rg (nm) 19 50 75
Rus (nm) 47 122 184
Lc (nm) 842 4338 8546

TABLE III. Length scales of dripping-onto-substrate setup, particle
suspension, and polymer.

DoS setup

R0 (mm) Nozzle outer radius 0.635
H0 (mm) Distance from nozzle to substrate 3.8
L (mm) Axial liquid bridge length 0.3–0.8
Particle suspension

a (μm) Particle radius 0.90
h (μm) Interparticle spacing 0.41

ξ (μm) Correlation length 14–21
Polymer

Rg (nm) Radius of gyration 19–75
Rus (nm) Unstretched polymer length 47–184
Lc (μm) Contour length 0.84–8.5
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with time according to the viscocapillary (VC) response
[24,77,78],

R(t)
R0

¼ (2Xvc � 1)
6

σ

η0R0

� �
(tf � t), (2)

where σ is the surface tension, η0 is the zero-shear viscosity,
R0 is the nozzle radius, X is a numerical prefactor [79] of
O(1) [80], and tf is the total filament lifespan. Below
Oh , 1, the time evolution of the radius enters the inertio-
capillary (IC) regime and exhibits a power-law decay with an
exponent of 2=3 [78,81,82],

R(t)
R0

¼ Xic
σ

ρR3
0

� �1=3

(tf � t)2=3, (3)

where ρ is the fluid density and Xic is a O(1) numerical
prefactor.

The filament radius of a non-Newtonian shear-thinning
fluid follows a power-law (PL) decay [75,78],

R(t)
R0

¼ Y(tf � t)ne , (4)

where ne is the extensional power-law exponent and Y is a
constant that depends on material properties. Finally, the
radius evolution for a solution of polymers in a Newtonian
solvent initially exhibits a Newtonian scaling regime and
then follows an exponential decay with time [83]. The latter
regime can be described by the elastocapillary (EC) equation
[24,84],

R(t)
R0

¼ GER0

2σ

� �1=3

exp[� (t � tc)=3λE], (5)

where GE is the elastic modulus and tc is the transition time
from Newtonian to EC response at the transition radius
Rc � R0(GER0=2σ)

1=3. As the polymer molecules reach their
fully stretched length, however, the radius evolution transi-
tions back to a linear decay due to the finite extensibility

effect [24,83],

R(t)
R0

¼ σ

2R0ηE,1

� �
(tf � t), (6)

where ηE,1 is the terminal steady-state extensional viscosity,
in the terminal viscoelastocapillary (TVEC) regime. The
fitting routine is included in [63]. We adopted continuum
analyses for the pinching dynamics of the colloid-polymer
mixtures following previous studies of noncolloidal suspen-
sions in Newtonian [37] and viscoelastic [44] media.

When the filament radius in capillary-driven pinching
reaches a self-similar shape, we can estimate the extensional
viscosity by balancing the capillary force and the viscous
and elastic fluid forces,

ηE ¼ σ
_εR(t)

, (7)

where the strain rate _ε can be estimated from the time deriva-
tive of the radius evolution,

_ε ¼ � 2
R

dR

dt
: (8)

F. Suspension and solution time scales

The time scales for particle diffusion are calculated using
tD ¼ l2=D, where l is a suspension lengthscale (the particle
radius a, interparticle spacing h, and polymer radius of gyra-
tion Rg) and D ¼ kBT=6aπηm is the diffusion coefficient of
the particles in a medium of viscosity ηm. The diffusion coef-
ficient for particles in the glycerol-water solvent is
D ¼ 4:3� 10�15 m2 s�1.

The bond formation time scale is estimated as
tbond ¼ (2Rg)2=Ds

s, where Ds
s is the short-time self-diffusivity

of the particles [85]. For f ¼ 0:40 suspensions, Ds
s � 0:3D

[86]. Table IV presents the diffusive and bond formation
time scales as well as the polymer extensional relaxation
times λE of PAM in 80% (w/w) glycerol-water solvent
(ηs ¼ 0:056 Pa � s) from [63].

During pinching, the strain rate experienced by the fluid _ε
decreases with viscosity and increases with time [Eq. (8)].
We estimated the Péclet number during pinching from
Peext ¼ _εtB, where tB is the Brownian time scale [43], which
corresponds to the diffusive time scale with l ¼ a in
Table IV. In our experiments, Peext ranges from 6:0� 103 to
3:8� 106.

III. RESULTS AND DISCUSSION

A. Shear rheology

We first characterize the steady shear viscosity of colloid-
polymer depletion suspensions. The shear viscosity of USP
suspensions with constant f ¼ 0:40 increases with polymer
concentration and is nearly independent of shear stress σ,
increasing only slightly at high σ [Fig. 2(a)]. By contrast,
both ULP and DP suspensions exhibit shear thinning at low
σ and modest shear thickening at high σ, which, respectively,

TABLE IV. Time scales for particle diffusion, bond formation, and
polymer extensional relaxation in the pinching dynamics of colloid-polymer
mixtures. The values are provided for polymer concentrations 0.3 < c/c* <
2.6 for USP and ULP and 0.2 < c/c* < 0.7 for DP.

Diffusive time scales (s)

Length scale NP USP ULP DP

a 180 240–1500
h 40 50–300

Rg — 0.11–0.68 0.73–4.7 1.7–11
Bond formation time scale (s)
2Rg — 1.4–9.1 9.8–63 22–140
Polymer extensional relaxation time (ms)
— — 0.39–1.0 3.1–12 2.5–12
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strengthen and weaken upon increasing c=c* [Figs. 2(b)
and 2(c)]. The ULP and DP suspensions that exhibit shear
thinning at low σ contain interconnected networks of parti-
cles under quiescent conditions, as determined using confo-
cal microscopy; by contrast, particles in USP suspensions
remain primarily dispersed, independent of polymer concen-
tration (Fig. S2) [99]. Thus, the size and dispersity of the
polymer affect the shear rheology response of colloid-
polymer depletion suspensions, in accord with our previous
study [64].

The first normal stress difference N1 also depends on
polymer size and dispersity. A colloidal particle suspension
with no added polymer (c=c* ¼ 0) exhibits a negative N1 , 0
at high σ, as expected for dense hard-sphere suspensions
[87–89] and attributed to thickening driven by hydrodynamic
forces [88,89]. For suspensions containing USP, N1 switches
sign from negative to positive at high σ as c=c* is increased
[Fig. 2(d), inset]. For ULP and DP suspensions, by contrast,
N1 at high σ is positive for all polymer concentrations studied
and increases with c=c* [Figs. 2(e) and 2(f )]. In colloidal sus-
pensions, positive values of N1 accompanied by shear thick-
ening are typically attributed to the formation of a contact
network of particles [88]. In our previous study, we attributed
the positive N1 values to size-dependent exclusion of large
polymers from the fluid layers between the colloids, which
promoted particle-particle contacts [64]. We suggest that the
stronger shear thickening in ULP and DP suspensions in
these experiments is also driven by contacts between particles
through exclusion of large polymers.

In the semidilute regime (c . c*), the shear-thickening
response appears to be obscured by the increase in viscosity
at low σ, despite the increase in N1. This result is consistent
with an earlier study on depletion mixtures of silica particles
and polystyrene [90], which found that the shear-thickening

contributions of the particles are masked by the increase in
viscosity and/or shear-thinning response from the addition of
polymer. In our systems, the strongest increase in suspension
viscosity occurs for the mixtures that contain the smallest
polymers (USP). Thus, polymer size affects the
concentration-dependent viscosity as well as the shear thick-
ening and first normal stress difference.

B. Extensional rheology of solvent, polymer
solutions, and colloidal suspension without
polymer

We determine the extensional rheology from the analysis
of change in radius with time of a liquid neck undergoing
pinching [Figs. 3(a) and 3(b)]. The shape of the neck and its
pinching dynamics during thinning can provide insight into
the time-dependent extensional viscosity and the physics con-
trolling capillary breakup [24]. Images of the time-dependent
evolution of the neck radius reveal differences between the
80 (w/w)% glycerol/water solvent, a dilute solution of USP
PAM with c=c* ¼ 0:4, and a colloidal suspension with parti-
cle volume fraction f ¼ 0:40 [Figs. 3(c)–3(f)]. The glycerol/
water solvent exhibits the pinching dynamics of a viscous
Newtonian fluid: the neck is initially strongly curved and
gradually evolves to a self-similar cylindrical shape before
pinch-off [Fig. 3(c)]. A cylindrical neck is also associated
with elastic or weakly elastic fluids and for power law fluids
if the exponent is close to one [24,75,78]. Adding polymers
or particles increases the time for filament breakup. In the
PAM solution, the transition to a cylindrical neck shape
occurs at a larger neck diameter [Figs. 3(d)–3(e)] due to PAM
elasticity. In the dense colloidal suspension, by contrast, the
final neck shape is biconical with a minimum in width at the

FIG. 2. Shear rheology of depletion suspensions with f ¼ 0:40 and (a) and (d) USP, (b) and (e) ULP, and (c) and (f ) DP polymers at various free volume con-
centrations c=c* in 80 (w/w)% glycerol/water with 1.5 mM NaCl. (a)–(c) Viscosity η and (d)–(f ) the first normal stress difference N1 � N1,0 as a function of
shear stress σ. (d) Inset: N1 � N1,0 at σ . 10 Pa shows negative values for c=c* ¼ 0� 0:59 and positive values for c=c* ¼ 0:82� 2:5. The horizontal dashed
lines represent N1 � N1,0 ¼ 0 kPa.
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center [Fig. 3(f )]. This neck shape is commonly associated
with power-law and yield stress fluids [24,75,78,91–93].

The filament radius of the glycerol/water background
solvent decays approximately linearly with time, indicative
of VC scaling [Fig. 3(a) and Eq. (2)] even though Oh ¼ 0:25
for our glycerol/water solvent. The solvent exhibits VC
scaling because viscous forces dominate at smaller length
scales approaching the Ohnesorge unit length lOh ¼ η2=(σρ),
which is lOh ¼ 38 μm in our glycerol/water mixture.

The radius evolution of USP and ULP solutions, by con-
trast, exhibits a PL scaling regime [Eq. (4)] on short time
scales and transitions to EC scaling [Eq. (5)] on long time
scales. A similar PL to EC transition was observed in DoS
rheometry studies that analyzed pinching dynamics of entan-
gled aqueous polysaccharide solutions [94]. The scaling
exponents in the PL regime are ne � 1 for USP and ne � 0:7
for ULP. When the neck radius is normalized by lOh
(Fig. S4) [99], we observe that the PL scaling regime for
ULP lies above the line R=lOh ¼ Oh�2 . 1, suggesting that
the PL scaling exponent in ULP represents an inertia-
dominated regime. The radius at the transition depends on
the polymer size and the elasticity of the dispersion
[Fig. 3(a)]. The USP solution transitions to the EC regime at
R=R0 � 0:03, whereas the ULP solution transitions at
R=R0 � 0:1. Thus, the duration of the EC regime is much
shorter in USP than in ULP. This result suggests that ULP is
much more extensible than USP, consistent with molecular
weight and dispersity and our prior study [63]. Prior to

pinch-off, we observe a deviation from the EC scaling in
ULP that can be fit with the TVEC equation. Although both
polymer solutions are expected to reach a TVEC regime due
to the finite extensibility effect, our experimental resolution
is not sufficient to capture this regime for small polymers
such as USP.

In dense colloidal suspensions (f ¼ 0:40), the radius time
evolution cannot be fit with a single PL equation. Instead,
the radius evolution exhibits three distinct regimes, which we
fit with three power-law equations [Eq. (4) and Fig. S5]. The
dynamics accelerate from the first to the second regime and
decelerate from the second to the third. All three fits yield
exponents that are close to 1, indicating that viscous forces
dominate the pinch-off process. Because the scaling is linear,
we associate Y with the prefactor from the VC scaling in
Eq. (2), where Y � 1=η0. The distinct fits indicate that the
effective viscosity of the suspension varies with filament
radius. We examine only the second and third viscocapillary
regimes, as the first viscocapillary fit may be affected by a
mixed flow profile. The slight increase in ηE may correlate
with the slight shear thickening response for this suspension
[Fig. 2(a)].

The extensional viscosity profiles of the Newtonian
solvent, the USP and ULP solutions, and the f ¼ 0:40 sus-
pension exhibit distinct dependencies on the Hencky strain
εH ¼ 2 ln (R0=R(t)) [Fig. 3(b)]. In a Newtonian fluid, ηE is
expected to be constant after the neck reaches a self-similar
shape. For 80 (w/w)% glycerol/water, however, ηE increases

FIG. 3. Pinching dynamics and extensional rheology of complex fluids. (a) Time evolution of the normalized filament radius R=R0 of background solvent of
80 (w/w)% glycerol/water, of USP and ULP polyacrylamide solutions, and of a colloidal suspension with f ¼ 0:40. Dashed lines show elastocapillary fitting
and dotted lines show viscocapillary fitting for USP and power-law fitting for ULP. The normalized polymer concentration in the USP and ULP samples is
c=c* � 0:26. (b) Extensional viscosity calculated from (a) as a function of Hencky strain εH . Errors are calculated from the standard deviation from multiple
replicates and represented as shaded area. Data for polymer solutions without particles are taken from [63]. (c)–(f ) Snapshots of pinch-off dynamics of (c) the
Newtonian 80 (w/w)% glycerol/water solvent, (d) a 0:4c=c* USP polyacrylamide (PAM) solution, (e) a 0:4c=c* USP polyacrylamide (PAM) solution, and (f ) a
f ¼ 0:40 TtMA colloidal suspension in 80 (w/w)% glycerol/water. Scale bars are 0.5 mm.
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for εH . 6. This deviation from the expected behavior may
be due to the limited resolution of the captured neck diameter
right before pinch-off: the last three data points representing
the radius of 80 (w/w)% glycerol/water deviate from the VC
scaling [Fig. 3(a)], which would manifest as an unphysical
increase in ηE. For USP and ULP solutions, ηE increases
with εH . The increase in ηE corresponds to strain hardening
that occurs as polymer chains get stretched and aligned in the
strong extensional flow created by the capillarity-driven
squeeze flow in the neck. The interplay of c and polymer
contribution to viscoelastic stresses within the fluid neck
leads to the exponential decay in the EC regime. The increase
in ηE is much larger in ULP than in USP because the start
and duration of the EC regime are longer for ULP than for
USP. In ULP, ηE at the highest εH is in good agreement with
the ηE,1 obtained from TVEC scaling, indicating that the
TVEC scaling represents the physics just prior to pinch-off in
ULP solutions. Finally, ηE for the dense suspension is nearly
independent of εH as the pinching radius follows VC scaling.

C. Comparing radius evolution and extensional
viscosity

To understand the effect of adding particles on the pinch-
ing dynamics and extensional rheology response, we first
compare the pinching dynamics of depletion suspensions to
those of polymer solutions at similar free volume polymer
concentration (Fig. 4). For all three polymers (USP, ULP,
and DP), the addition of particles increases the total filament
lifetime by increasing the duration of the PL scaling regime
[described by Eq. (4)]. Although the transition to EC scaling
occurs at a smaller normalized neck radius, the decay rate in
the EC scaling regime [Eq. (5)] is similar for the polymer
solution and depletion suspension.

On longer time scales before pinch-off, we compare the
neck shape and radius evolution between particle suspensions
with and without polymer additives (Fig. 5). Although all
depletion suspensions exhibit an EC regime that is compara-
ble to that in a polymer solution at similar free volume con-
centration (Fig. 4), the neck shapes of the suspensions with
USP are surprisingly different from those of USP solutions.
The neck shape of the USP PAM [Fig. 5(a)], like that of the
colloidal suspension without polymer, is biconical. Thus,
addition of USP does not strongly affect the pinch-off shape
compared to the no-polymer suspension [Figs. 5(c) and 5(d)]
but instead leads to an exponential decay scaling of R(t)
before pinch-off. In ULP and DP suspensions, by contrast,
the liquid neck bridge is cylindrical in the EC regime
[Fig. 5(b)], as also observed for the corresponding polymer
solutions.

Furthermore, right before pinch-off, the scaling of the
radius evolution for the ULP and DP suspensions departs
from the EC scaling and pinching slows down. This behavior
is different than the pinch-off response of a polymer solution,
where the EC scaling regime is followed by the TVEC
scaling regime with faster pinching of the neck regime due to
the finite extensibility effect. We posit that the the presence
of particles at a moderately high concentration (f ¼ 0:40)
contributes to this scaling response. By contrast, nail lacquer
formulations exhibited PL to TVEC scaling, attributed to
presence of nitrocellulose as a polymer additive to a complex
fluid with a lower particle concentration (maximum
�15 wt. %) [7].

Increasing the polymer concentration in colloidal suspen-
sions slows the pinching (Fig. 6). In USP suspensions, this
slowing occurs gradually [Fig. 6(a)]. The radius evolution
follows a PL scaling that transitions to EC scaling near
pinch-off (R=R0 � 0:02), indicating that PL scaling

FIG. 4. Pinching dynamics of (a) USP, (b) ULP, and (c) DP of polymer solutions f ¼ 0 and depletion suspensions at particle volume fraction f ¼ 0:40 at
similar free volume polymer concentrations c=c* � 0:5 in 80 (w/w)% glycerol/water with 1.5 mM NaCl, determined as the time evolution of the normalized
radius R=R0. The time t ¼ 0 is defined at R=R0 ¼ 0:50, as the early stages of the radius evolution are sensitive to variability arising from substrate wettability
and deformation history within the nozzle. Dotted lines indicate PL fitting [Eq. (4)], dashed lines indicate EC fitting [Eq. (5)], and dotted dashed lines indicate
TVEC fitting [Eq. (6)]. The shaded area represents a visual aid to illustrate the similarity in exponential decay-rate between f ¼ 0 and f ¼ 0:40.
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dominates within the overall radius evolution of USP suspen-
sions. ULP suspensions also exhibit a transition from PL to
EC scaling in the radius evolution, but the transition to EC
scaling starts earlier at R=R0 � 0:07 [Fig. 6(b)]. The transi-
tion from PL to EC in USP and ULP suspensions occurs
slightly later (i.e., on longer times and at smaller neck diame-
ters) compared to USP and ULP solutions without particles
[Fig. 3(a)]. DP suspensions with increasing polymer concen-
tration also exhibit a later transition to the EC regime, com-
pared to the corresponding DP solution, at R=R0 � 0:1
[Fig. 6(c)]. Both the transition radius Rc and the EC
duration ΔtEC increase with polymer Mw, following USP
< ULP < DP.

The increase in the time required for the liquid bridge to
break with polymer concentration may arise from the increase

in either viscous (indicated by duration of PL regime ΔtPL) or
elastic (indicated by ΔtEC) forces of the suspensions [83,95].
In USP suspensions, the increase in bulk viscosity controls
the polymer contributions as PL scaling dominates the radius
evolution. In ULP and DP suspensions, the viscous and
elastic contributions are approximately equal at low concen-
tration and the elastic force dominates at higher polymer
concentration.

Notably, the quiescent microstructure of the depletion sus-
pensions (Fig. S2) [99] does not qualitatively alter the pinch-
ing dynamics, as can be seen by comparing DP suspensions
at c=c* ¼ 0:22 and at higher c=c*. Confocal micrographs
reveal that the DP suspension at c=c* ¼ 0:22 does not form a
network (Fig. S2, panel D1) [99], whereas those with greater
c=c* do (Fig. S2, panels D2 and D3) [99]. Nevertheless, the

FIG. 5. Time evolution of the normalized radius R=R0 of f ¼ 0:40 suspensions in 80 (w/w)% glycerol/water with 1.5 mM NaCl (a) without polymer (NP) and
with USP polyacrylamide (PAM) and (b) with ULP and DP PAM. The free volume concentration of the polymer solutions is c=c* � 0:5. Dashed lines indicate
EC fitting [Eq. (5)]. The gray shaded area indicates the spatial resolution limit of R=R0 ¼ 0:01. The scale bars are 0.5 mm. (c)–(f ) Snapshots of the pinch-off
dynamics of f ¼ 0:40 suspensions (c) without polymer and with (d) USP, (e) ULP, and (f ) DP at c=c* � 0:5.

FIG. 6. Pinching dynamics of (a) USP, (b) ULP, and (c) DP depletion suspensions at particle volume fraction f ¼ 0:40 in 80 (w/w)% glycerol/water with
1.5 mM NaCl, determined as the time evolution of the normalized radius R=R0. The time t ¼ 0 is defined at R=R0 ¼ 0:50, as the early stages of the radius evo-
lution are sensitive to variability arising from substrate wettability and deformation history within the nozzle. Dashed lines indicate EC fitting [Eq. (5)].
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pinching dynamics for all DP suspensions follow a PL to EC
transition.

To investigate the role of polymer on the resistance of
depletion suspensions to stretching, we calculate ηE(εH) of
the suspensions (Fig. 7). We evaluate ηE starting from
εH � 4, which corresponds to R=R0 � 0:1 where the neck
morphology approaches a self-similar shape, and define the
initial extensional viscosity ηE,0 ¼ ηE(εH � 4). In USP sus-
pensions, ηE increases with εH by less than an order of mag-
nitude [Fig. 7(a)]. Although increasing the polymer
concentration gradually increases ηE,0, the extent of exten-
sional thickening with εH varies by less than an order of
magnitude with polymer concentration. In ULP suspensions,
by contrast, ηE increases by an order of magnitude with εH ,
and increasing the polymer concentration leads to marked
increases in both ηE,0 and the extent of extensional thicken-
ing [Fig. 7(b)]. The DP suspensions behave similarly to ULP
suspensions [Fig. 7(c)].

For the colloid-polymer suspensions, ηE,0 is close to 7η0,
the theoretical prediction for viscous Newtonian
systems based on viscocapillary scaling with a prefactor of
(2Xvc � 1)=6 ¼ 0:0709 [77]. This trend is consistent across
all depletion suspensions, suggesting that the calculated ηE,0
represents the viscous response under extensional flow. The
elastic response manifests in the increase in ηE with εH , and
the extent of this extensional thickening increases with
polymer Mw. This result is consistent with the different
scaling regimes for the radius evolution (Fig. 6): USP sus-
pensions, for which the extensional flow mostly follows PL
scaling, thicken modestly in extension compared to ULP and
DP suspensions, which exhibit both PL and EC scaling
regimes of approximately equal duration in time.

The steady-state Trouton ratio Tr1 ¼ ηE,1=η0 is a
measure of the relative importance of extensional and shear
rheological properties [96] and the degree of stretching of the
fluids. Here, ηE,1 is determined at the highest measured εH
(Figs. S6–S7) [99] and η0 is determined at the plateau at
intermediate shear stress (Figs. 2, S8). For USP, Tr1 � 8–14,

whereas for ULP and DP, Tr1 � 80–140. The Trouton ratio
for USP suspensions is similar to that obtained for pinch-off
of nail lacquers containing particles and polymers (estimated
Mw = 100–300 kg mol�1), Tr1 � 7–15 [7]. For polymer
solutions in a similar c=c* range, Tr1 � 20–60 for USP and
Tr1 � 180–440 for ULP and DP. Thus, the presence of par-
ticles reduces the magnitude of Tr1 (Fig. S9) [99], suggest-
ing that particles affect the degree of stretching of the fluids.

D. Comparing relaxation and filament time scales

To elucidate the contribution of polymer additives on the
extensional flow, we compare the material properties of the
depletion suspensions and polymer solutions without any
particles. First, we examine the extensional relaxation time
λE, which characterizes the elastic response manifesting as an
exponential decay in the radius evolution plots (Fig. 6) and is
determined using Eq. (5). The λE values for both polymer
solutions and depletion suspensions collapse onto scaling
curves as a function of c=c* [Figs. 8(a)–8(c)]. The collapse
indicates that the elastic response in both solutions and sus-
pensions is controlled by the free volume polymer concentra-
tion. A similar response was found for mixtures of
noncolloidal polystyrene particles and poly(ethylene oxide)
polymers, where the concentration and molecular weight of
the polymers were held constant [44]. For those PS-PEO
systems, the characteristic time scale corresponding to λE
was constant for suspensions containing particles of various
sizes and volume fractions. In our experiments, the scaling
exponents in the dilute regime (c , c*) differ for the three
polymers and follow the polymer macromolecular properties,
consistent with prior studies [62,63]. Our results, thus,
suggest that the polymer pinch-off response controls the
elastic response in depletion suspensions.

To understand the viscous contributions from the poly-
mers, we compare the filament lifespan tf of the polymer
solutions and the depletion suspensions. The lifespan tf is a
practically relevant time scale that includes the duration of

FIG. 7. Extensional viscosity ηE as a function of Hencky strain εH shifted by transition Hencky strain εC, which represents the elastocapillary transition, for
f ¼ 0:40 depletion suspensions with (a) USP, (b) ULP, and (c) DP depletants in 80 (w/w)% glycerol/water with 1.5 mM NaCl. (For f ¼ 0:40, without
polymer, which does not exhibit an EC regime, εC is chosen to be 9.2, and the value of εH at R=R0 ¼ 0:01.) Errors are calculated from the standard deviation
of replicate measurements and represented as shaded areas.
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the PL and EC scaling regimes, in addition to the regimes of
deformation outside of the available models. When tf is nor-
malized with the lifespan without polymer addition tf,0 [i.e.,
the lifespan of the glycerol/water solvent for the polymer
solutions and of the f ¼ 0:40 suspension without added
polymer (NP) for the depletion suspensions], tf=tf,0 approxi-
mately collapses for both polymer solutions and depletion
suspensions [Figs. 8(d)–8(f )]. This result indicates that the
polymer contributions are similar for both a Newtonian
solvent and the dense colloidal suspensions, independent of
the dominant physics controlling the filament thinning and
pinch-off.

Both λE and tf are much shorter than the time scales asso-
ciated with particle diffusion and bond formation (Table IV).
Furthermore, the viscous time scale tvc ¼ ηR0=σ for the
pinching of suspensions ranges between 7 and 40 ms. Thus,
comparison of the colloidal and pinching time scales sug-
gests that particle-related dynamics are too slow to affect the
pinching process in these mixtures.

IV. CONCLUSIONS

We determined the pinch-off dynamics of a dense colloi-
dal suspension and depletion mixtures of colloids and poly-
mers using DoS measurements. In the absence of polymer, a
colloidal suspension at volume fraction f ¼ 0:40 exhibits
multiple linear regimes in the radius evolution scaling.
Addition of polymer introduces additional viscoelastic
stresses that can influence the radius evolution, often leading
to an EC scaling regime in which the radius decays exponen-
tially, allowing the extensional relaxation time to be

computed from the decay constant. An additional regime in
which the radius decays linearly with time is due to the inter-
play of terminal extensional viscosity and capillary effects
arising from finite extensibility. The contributions of the
polymer to the overall pinch-off depend on the polymer size.
The viscous contribution dominates in USP suspensions,
whereas the elastic contribution dominates in ULP and DP
suspensions. This conclusion is supported by the extensional
viscosity ηE profiles, where both extensional thickening
ηE,1=ηE,0 and the Trouton ratio Tr1 ¼ ηE,1=η0 depend on
polymer molecular weight: for suspensions containing ULP
and DP, Tr1 � 80–140, whereas for USP suspensions,
Tr1 � 8–14. Together, these results suggest that there is a
molecular weight threshold for polymer additives to fully
contribute to the suspension pinch-off dynamics.

The EC regime of suspensions corresponds to that of the
polymer solutions. Moreover, λE for suspensions and solu-
tions collapses onto universal curves for a given polymer as
a function of overlap concentration c=c*. Thus, for depletion
suspensions, the power-law scaling exponent in the dilute
regime is determined by polymer size and the transition con-
centration from power-law to linear scaling is affected by
polymer dispersity, as shown in our previous study for
polymer solutions without added particles [63]. This result
confirms that the polymer in the interstitial fluid dominates
the extensional dynamics. Similarly, the normalized filament
lifespan tf=tf,0 approximately collapses for suspensions and
solutions of a given polymer. The dominant role of the
polymer in controlling the extensional flow along with the
dominant role of the particles in determining the shear
response suggests that the shear and extensional responses of

FIG. 8. (a)–(c) Extensional relaxation time λE for polyacrylamide solutions (open symbols) and f ¼ 0:40 depletion suspensions (closed symbols) as a function
of normalized polymer concentration c=c*. The dashed vertical lines indicate the predicted minimum concentration cmin needed to observe an elastocapillary
response for each polymer. The black dotted vertical lines indicate the transition from the dilute to semidilute regime. For DP solutions, the vertical
dashed dotted line indicates the overlap concentration c* derived from the Mark–Houwink equation and Mw. Power-law exponents extracted from the fitting are
0:34+ 0:06 for USP, 0:51+ 0:02 for ULP, and 0:67+ 0:07 for DP. Data for λE of polymer solutions without particles are taken from [63]. (d)–(f )
Normalized filament lifespan tf=tf,0 for polyacrylamide solutions (open symbols) and f ¼ 0:40 depletion suspensions (closed symbols) as a function of normal-
ized polymer concentration c=c*. tf for polyacrylamide solutions are normalized with the filament breakup time of 80 (w/w)% glycerol/water, tf,0 ¼ 10:3 ms,
and tf for depletion suspensions are normalized with the filament lifespan of the f ¼ 0:40 TtMA suspension, tf,0 ¼ 29:6 ms.
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depletion suspensions can be separately tailored through each
constituent, as also very recently shown in a microgel/
polymer system [97].

Finally, the filament morphology and post-pinch-off
behavior of colloid-polymer suspensions differ from those of
polymer solutions. Dense suspensions with no polymer and
with USP display the conical necks often seen in power-law
fluids, whereas ULP and DP exhibit a slender filament
typical of elastic fluids. As the filament breaks, however, the
colloid-polymer suspensions exhibit recoil, observed in dis-
continuous shear-thickening fluids, rather than the
bead-on-spring structures observed for polymer solutions. In
future work, we will explore the effect of polymer size on
higher colloidal volume fractions toward the jamming
transition.
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NOMENCLATURE

Ð dispersity
kBT energy (Boltzmann constant times temperature)
Mw weight-averaged molecular weight
Rg radius of gyration
u interaction potential
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